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EXECUTIVE  SUMMARY 


1 .  Concept  and  architecture  for  employing  fiber-optic  delay  lines  to  achieve  photonic  phase-shifting  is 
presented. 

2.  Theory  for  1x3  coupler  is  presented  and  discussed.  System  is  assembled  and  measurement  is  directly 
compared  to  theoretical  calculations. 

3.  Conclusions  are  made  based  on  results  of  measured  1x3  coupler  system  and  theoretical  analysis. 

4.  Appendices:  Theory  for  1x4  and  the  general  lxM  coupler  cases  are  discussed. 
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1.  Introduction 


0: 

A 


Figure  1:  Phasor  diagram  showing  three  phase  combination. 

Optical  phase  shifting  provides  a  numerous  range  of  potential  applications  such  as  signal 
processing  for  RF  systems  and  phase  array  antennas  (PAA).  For  PAA  applications,  true  time  delay  (TTD) 
is  a  well  known  solution  for  the  beam  squint  problem  [1].  One  method  of  photonic  phase  shifting  is 
achieved  using  the  wavelength  dependence  of  Brillouin  frequency  shift  [2],  The  development  of 
wideband  optical  phased  arrays  and  associated  problems  such  as  beam  squint  has  been  analyzed 
previously  in  [3,  4].  Architectures  for  fiber-optic  TTD  include  noncompressive  which  is  a  brute  force 
approach  using  optical  switch  or  laser  diode  switches  in  parallel,  delay-compressive  which  reduces  the 
delay-dependent  hardware  complexity,  and  delay-  and  element-compressive  which  reduces  the  overall 
hardware  using  optical  wavelength  division  multiplexing  [4],  Phase  shifters  have  been  developed  using 
heterodyne  mixing  [5,  6].  Recently,  a  system  employing  TTD  was  developed  for  1-lOOGFIz  modulation 
range  utilizing  a  fiber-coupled  beam  deflector  and  diffraction  grating  similar  to  a  scanning  delay  line  used 
for  optical  coherence  tomography  [7].  In  this  study  we  will  investigate  a  novel  method  for  employing 
phase  shifting  using  an  array  of  time  delays  and  compare  it  to  traditional  TTD.  Numerous  fiber-based 
methods  have  been  developed  to  obtain  tunable  TTD,  however  achieving  optical  phase  shifting  without 
changing  fiber  lengths  can  be  useful  for  many  applications.  Looking  at  Figure  1,  if  we  have  three 
sinusoidal  signals  with  120°  phase  separation,  by  controlling  the  amplitudes  we  can  achieve  any  phase 
angle  desired  with  the  appropriate  combination.  We  will  present  a  system  that  combines  this  simple 
methodology  using  a  laser,  Mach-Zehnder  modulator,  fiber-optic  couplers,  and  fiber-optic  delay  lines  to 
achieve  RF  phase  shift. 
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2.  Architecture 


Figure  2  shows  the  general  architecture  for  a  system  for  phase  shifting  employing  amplitude- 
controlled  fiber-optic  delay  lines.  A  RF  signal  is  modulated  onto  the  optical  amplitude  of  laser  light  with 
a  Mach  Zehnder  modulator  (MZM).  Following  the  MZM  is  a  1  xM  coupler.  The  output  ports  are 
followed  with  a  length  of  fiber  to  induce  a  time  delay  (x)  that  is  tuned  to  correspond  to  a  desired  phase  for 
a  specific  frequency.  The  fiber  is  followed  by  a  variable  optical  attenuator  which  will  be  used  to  control 
the  input  amplitude  to  the  receiving  photodiode.  Finally,  the  photocurrent  from  each  photodiode  will  be 
added  together.  For  initial  mathematical  discussions  we  will  look  at  the  general  case  of  adding  a  sine 
wave  with  the  appropriate  time  delay  as  a  phase  shift  with  an  amplitude  that  can  be  varied. 


Figure  2:  A  laser  is  externally  modulated  by  a  MZM  which  is  output  to  a  1  xM  coupler.  At  each  output  of 
the  coupler  is  a  delay  line  that  corresponds  to  a  phase  shift  as  a  designated  frequency.  A  VO  A  precedes 
the  detector.  The  photocurrents  resultant  will  be  added  together. 


3.  Theory  for  1x3  Coupler  (M=3) 

Starting  with  the  case  that  corresponds  to  a  1x3  coupler  which  will  have  phase  shifts 
corresponding  to  0  and  120  and  240  degrees  the  photocurrent  for  each  receiver  will  be: 

In  =  An  sin(2 n/(£  +  xn))  (1) 

where  t1  =  0,  t2  =  1  /6/0  and  x3  =  l/3/0 where  f0  is  the  frequency  that  the  time  delay  is  centered  on. 
The  current  is  then  added  together  to  get  the  total  at  the  output: 

IT  =  A-l  sin(2n :ft)  +  A2  sin(2n :/(t  +  l/6/0))  +  A3  sin(2n:/(t  +  l/3/0))  (2) 

Equation  (2)  is  plotted  in  Figure  3  as  renormalized  photocurrent  vs.  time  for  /0  =  20 GHz  and  /  = 
20 GHz  with  the  amplitudes  varied  from  0  to  1  with  0.5  step  size.  From  the  graph,  it  is  obvious  a  large 
amount  of  phase  shift  occurs  at  20GFlz. 
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Figure  3:  Renormalized  photocurrent  vs.  time  for  at  20GHz  with  amplitudes  varied  from  0  to  1. 


The  phase  vs.  frequency  is  plotted  in  Figure  4  with  amplitudes  varied  from  0  to  1  with  0.5  step 
size.  There  are  frequencies  at  which  there  is  only  0  or  180  degrees  phase  shift,  which  correspond  to 
/  =  (3k  —  1.5)/0  where  k=l,  2,  3,...  Additionally,  the  phase  shift  corresponds  to  multiples  of  360 
degrees  when  /  =  (3 k)f0.  To  get  a  better  view  of  the  phase  shift,  Figure  5  is  a  zoomed  in  view  of  Figure 
4  from  0  to  20GHz,  where  the  red  highlights  an  example  of  the  shape  of  the  phase  shift  curve  as  a 
function  of  frequency. 


Figure  4:  Phase  vs.  frequency  for  1x3  coupler  with  amplitudes  varied  from  0  to  1  in  0.5  steps. 
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Figure  5:  Zoomed  in  view  of  Figure  6  from  0-20GHz. 


Next  phase  and  amplitude  are  plotted  as  a  function  of  frequency  for  a  specific  set  of  coefficients 
in  Figure  6,  demonstrating  strong  residual  amplitude  change  with  phase  shift.  Using  (1)  for  the  1x3 
coupler  with  coefficients  Ai=0.23,  A2=0.45,  A3=0.87  at  20GHz  center  frequency,  it  is  clear  the  inflection 
points  for  the  phase  occur  at  every  15GHz.  The  amplitude  has  a  major  peak  at  0  and  60GHz,  which  is 
where  the  phase  has  an  inflection  point  at  0  degrees,  and  minor  null  at  30GHz,  which  is  where  the  phase 
has  an  inflection  point  at  180  degrees.  The  major  nulls  in  the  amplitude  occur  at  a  point  of  inflection  of 
the  derivative  of  the  phase  which  is  plotted  in  Figure  7  along  with  amplitude  to  illustrate  this. 
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Figure  6:  Phase  (blue)  and  amplitude  (green)  vs.  frequency  for  coefficients  Ai=0.23,  A2=0.45,  A3=0.87. 


Figure  7:  Derivative  of  phase  (blue)  and  amplitude  (green)  vs.  frequency  for  coefficients  Ai=0.23, 
A2=0.45,  and  A3=0.87. 


5 


Figure  8:  Diagram  of  each  vector  used  to  solve  for  constant  amplitude  for  1x3  coupler. 

To  make  the  system  more  useful  we'd  like  to  have  360°  phase  control  with  constant  amplitude. 
The  three  vectors  are  plotted  in  Figure  8  where  we’d  like  to  be  able  to  control  the  system  so  that  the 
amplitude  is  a  circle  with  radius  V3/2  on  the  coordinate  system.  The  general  equations  for  the  circle  are: 

V3  \2 

b~tc)  (3) 


V3/2  =  (A-B/2 


A/3 

c/2)2  + 


6  =  tan  1 


V3  o  _  VI 
2  °  2  L 

A-B/2 -C/2 


(4) 


With  two  equations  and  three  unknowns,  we  solve  the  equations  in  three  parts.  Instead  of  quadrants  we 
can  use  the  three  120°  sections  between  the  vectors  (labeled  in  roman  numerals  in  Figure  8)  by  setting  one 
vector  equal  to  zero  for  each  solution,  so  that  we  have  only  2  equations  and  2  unknowns.  The  equations 
are  solved  in  Mathematica  and  input  into  Matlab  to  graph  the  results  based  on  the  generated  coefficients. 
The  equations  were  solved  with  1°  precision  for  9,  so  that  there  are  360  solutions.  The  results  are  plotted 
in  Figure  9  as  a  function  of  the  index  which  will  be  more  or  less  values  depending  on  the  precision  of 
phase  solved  for. 
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Figure  9:  Phase  as  a  function  of  index  for  20GHz  for  1x3  coupler  with  constant  amplitude  V3/2. 


Figure  10:  Phase  vs.  Index  for  lOGFIz  to  30GFIz  in  lGFIz  steps. 
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Figure  11:  Amplitude  vs.  Index  for  10GHz  to  30GFIz  in  lGFIz  steps. 

Next  we  can  explore  the  bandwidth  limitations.  Figures  10  and  11  plot  the  phase  and  amplitude 
respectively  from  lOGFlz  to  30GFlz  in  lGFIz,  where  lOGFlz,  20GFlz  and  30GFlz  are  color  coded.  The 
amount  of  phase  shift  possible  is  decreased  to  180°  by  15GFlz,  at  which  point  the  amplitude  penalty  is  a 
41%  change  (when  looking  at  the  indices  range  0-240).  At  frequencies  lower  than  15GFIz  the  phase  shift 
possible  in  conjunction  with  the  change  in  amplitude  render  the  system  un-useful.  As  frequency  is 
increased  the  phase  values  obtainable  decrease  until  at  30GFlz  only  0°,  180°,  and  360°  are  possible.  At 
25GFlz  the  amplitude  also  experiences  a  48.2%  change  (~3dB)  in  the  indices  range  of  0-240.  At  higher 
indices  (240-360)  the  amplitude  efficiency  severely  decreases  as  there  is  a  100%  change  possible  at 
15GFlz  and  73.2%  change  at  25GFlz. 

Lastly,  we'll  look  at  a  10%  bandwidth,  where  almost  360°  phase  is  achievable  from  18GFlz  to 
22GHz.  The  phase  and  amplitude  are  plotted  from  18GHz  to  22GHz  in  0.5GFIz  steps  in  Figures  12  and 
13  respectively.  The  amplitude  at  18GHz  and  22GFlz  has  a  37.2%  and  33.8%  change  possible  over  all 
indices  respectively,  which  indicates  that  the  phase  to  amplitude  efficiency  is  worse  as  you  decrease 
frequency  from  the  20GFIz  set  center  frequency.  Earlier  for  Figure  11,  the  amplitude  penalty  appears  to  be 
higher  for  25GFIz  when  compared  to  15GFlz,  but  this  is  only  because  we  were  looking  at  the  usable  range 
of  indices  (0-240)  and  removing  the  higher  ones  which  had  a  more  severe  amplitude  penalty  for  the 
15GFlz  case.  For  a  smaller  bandwidth  window  we  would  like  to  use  all  the  indices  and  thus  in  this  case 
the  higher  frequency  shows  a  lower  amplitude  penalty. 


Figure  12:  Phase  vs.  Index  for  18GFlz  to  22GFlz  in  0.5GFlz  steps. 
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Figure  13:  Amplitude  vs.  Index  for  18GFIz  to  22GFIz  in  0.5GFIz  steps. 

Another  aspect  that  is  useful  to  analyze  is  the  comparison  to  a  true  time  delay  system.  If  a  single 
phase  is  selected  for  the  20GFlz  phase,  the  error  can  be  plotted  as  a  function  of  frequency.  The  phase  error 
as  a  function  of  frequency  is  plotted  in  Figure  14  for  30°,  90°  and  180°.  That  is,  the  phase  response  of  this 
architecture  is  compared  to  a  single  TTD  that  produces  a  30°,  90°  or  180°  phase  shift  at  20GFlz.  At  180° 
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there  is  no  phase  error  from  0-30GHz.  Both  30°  and  90°  have  less  than  5°  phase  error  up  to  20GHz,  but 
the  error  increases  rapidly  up  to  45°  at  30GHz. 


Figure  14:  Error  in  phase  from  true  time  delay  vs.  frequency  with  center  frequency  20GFlz  for  30°,  90°, 

and  180°. 

In  order  to  demonstrate  the  concept  through  measurement  a  1x3  coupler  setup  was  assembled 
using  a  DFB  laser  at  wavelength  1550nm  and  three  DSC30  photodiodes  (PDs).  Additionally,  after  two  of 
the  PDs,  an  electrical  delay  controller  was  inserted  to  fine  tune  the  time  delay  lengths  which  were  tuned  to 
20GHz.  Measurements  were  made  by  changing  the  amplitudes  with  variable  optical  attenuators  and 
measuring  both  phase  and  amplitude  as  a  function  of  frequency  from  0-20GHz.  Since  phase  matching  to 
20GHz  is  very  sensitive  and  the  delay  lengths  can  change  due  to  minor  temperature  fluctuations,  data  is 
only  presented  up  to  15GHz  at  which  point  the  phase  angles  achieved  are  stable  to  within  about  ±2°.  Data 
was  taken  at  different  combinations  of  amplitudes  to  show  the  range  of  phase  shift  achievable  at  15GHz, 
which  should  be  180°  according  to  the  analysis  in  Figure  5.  In  Figure  15,  the  phase  is  plotted  as  a  function 
of  frequency  from  -4°  to  167°  at  15GHz,  which  was  the  maximum  range  we  were  able  to  achieve  or  95% 
of  the  theoretical  range  shown  in  Figure  5.  In  Figure  16  the  corresponding  amplitude  as  a  function  of 
frequency  is  plotted  up  to  15GHz,  where  we  see  that  in  general  the  larger  the  phase  desired  the  larger  the 
total  amplitude  fluctuation,  where  for  a  phase  of  -4°  the  amplitude  is  about  15dB  lower  than  for  13°, 
making  that  somewhat  impractical  to  operate  at  since  very  little  power  is  achievable  at  that  phase  angle. 
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Figure  15:  Measured  phase  vs.  frequency  for  1x3  coupler. 


Figure  16:  Corresponding  measured  amplitude  vs.  frequency  for  1x3  coupler  from  Figure  19. 
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Figure  17:  Measured  phase  as  a  function  of  index  at  15GFlz  from  Figure  19. 
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Figure  18:  Measured  amplitude  as  a  function  of  index  at  15GFIz  from  Figure  20. 

We  will  also  plot  phase  as  a  function  of  index  for  the  measured  data  taken  in  order  of  increasing 
phase  and  the  corresponding  amplitudes  at  15GFIz  in  Figures  17  and  18  respectively.  In  Figure  17,  we  can 
obtain  a  large  range  of  phase  shift  (here  only  8  points  are  shown  as  example).  The  amplitude  is  plotted  in 
mW  to  show  the  phase  to  amplitude  conversion.  In  the  measurement  system  the  amplitudes  selected  were 


12 


not  based  on  the  calculations  completed  for  constant  amplitude,  where  we  would  only  use  2  of  the  3  arms 
at  any  given  time. 


Figure  19:  Phase  as  a  function  of  frequency  for  measured  and  calculated  with  Ai=.929,  A2=.929  and 
A3=2.33. 
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Figure  20:  Amplitude  as  a  function  of  frequency  for  measured  and  calculated  with  Ai=.929,  A2=.929  and 
A3=2.33. 

Finally,  the  measured  and  calculated  phase  and  amplitude  are  plotted  against  each  other  as  a 
function  of  frequency  for  the  specific  case  at  a  measured  phase  of  157°  at  15GFlz  in  Figures  19  and  20 
respectively.  In  this  case,  we  recorded  the  attenuation  amounts  and  the  original  power  with  no  attenuation 
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to  back  out  the  amplitude  coefficients  of  Ai=.929mW,  A2=. 929mW  and  A3=2.33mW  in  order  to  calculate 
the  theoretical  plots.  There  is  good  agreement  with  the  phase  except  that  the  peak  occurs  at  a  slightly 
higher  frequency  that  the  calculated  data.  Possible  reasons  for  this  include  the  accuracy  of  our  phase 
matching  as  well  as  the  accuracy  in  the  calculation  of  the  coefficients.  In  Figure  20,  the  measurement  data 
does  not  show  the  large  dip  near  12GHz  that  is  predicted  in  the  calculated  data.  Since  the  calculation  was 
somewhat  off  in  Figure  19,  it  is  reasonable  to  assume  that  our  amplitude  shape  will  also  not  be  accurate  in 
the  calculation.  Further  study  with  more  precise  measurement  of  the  coefficients  and  phase  matching  will 
help  to  reconcile  our  theory  and  measurement  data. 


4.  Summary  and  Conclusion 

In  conclusion,  we  have  demonstrated  mathematically  a  phase  shifter  employing  time  delay,  for 
1x3  coupler.  Additionally,  simulations  provided  insight  in  the  bandwidth  and  limitations  of  each  system. 
We  solved  mathematically  for  constant  amplitude  with  360°  phase  shift  and  showed  a  10%  usable 
bandwidth  with  less  than  3dB  amplitude  penalty  from  18GHz  to  22GHz.  Finally,  the  system  was  built  and 
tuned  to  20GHz  center  frequency.  Results  for  phase  and  amplitude  range  as  a  function  of  frequency 
showed  good  agreement  with  the  theoretical  simulations.  Additionally,  phase  and  amplitude  as  a  function 
of  index  was  plotted  to  show  that  180°  phase  shift  is  possible  at  15GHz  frequency  as  predicted  by  the 
simulations.  The  photonic  phase  shifting  method  described  here  has  potential  use  in  PAA  systems,  where 
the  scalability  and  bandwidth  afforded  by  fiber  optics  can  be  utilized.  However,  the  complexity  of  this 
particular  technique  in  such  an  architecture  must  be  considered.  Every  element  that  requires  phase 
shifting  would  require  three  variable  optical  attenuators,  three  photodiodes  and  a  device  to  combine  the 
three  photocurrents. 
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Appendix  A:  Theory  for  1x4  Coupler  (M=4) 

For  the  1x4  coupler  case,  the  photocurrent  is  determined  by  (1)  where  Tt  =  0,  r2  =  1/8 /0, 
t3  =  l/4/0  and  r4  =  3/8 f0  for  each  receiver  output  respectively.  Figure  A.l  plots  the  combined 
photocurrent  vs.  time  at  f0  =  20GHz  and  /  =  20GHz  with  amplitudes  varied  from  0  to  1  with  a  0.5  step 
size.  At  20GHz,  similar  to  the  1x3  coupler  case  there  is  a  large  amount  of  phase  shift  possible.  This  is 
further  evidenced  by  Figure  A.2,  which  shows  the  phase  vs.  frequency  with  amplitudes  varied  the  same  as 
in  Figure  A.l.  In  this  instance  the  0  or  180  degree  phase  shift  occurs  at  /  =  (4 k  —  2 )/0  while  the  0  or  360 
degree  shift  occurs  at  /  =  (4 k)f0  where  k=l,  2,  3,  ...  As  in  Figure  11,  Figure  A.3  shows  a  zoomed  in 
view  of  Figure  A.2  with  a  single  case  highlighted  in  red  to  show  the  shape  of  the  phase  shift  versus 
frequency. 
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Figure  A.l:  Photocurrent  vs.  time  for  1x4  coupler  at  20GHz  with  amplitudes  varied  from  0  to  1. 

As  with  the  1x3  coupler  case,  the  1x4  coupler  was  evaluated  for  a  specific  set  of  coefficients  over 
a  bandwidth  of  100GHz.  In  Figure  A.4  the  phase  and  amplitude  are  plotted  for  Ai=0.23,  A2=0.45, 
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A3=0.87,  and  A4=0.90.  There  are  both  major  and  minor  peaks  and  nulls,  with  minor  nulls  at  multiples  of 
40GHz  and  major  peaks  at  multiples  of  80GHz.  The  derivative  of  phase  (blue)  is  plotted  with  amplitude 
in  Figure  A.5  to  illustrate  that  the  nulls  occur  where  the  first  derivative  of  phase  has  an  inflection  point 
which  is  the  same  as  in  the  1x3  coupler  case. 
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Figure  A.2:  Phase  vs.  frequency  for  1x4  coupler  with  amplitudes  varied  from  0  to  1  with  0.5  steps. 


Figure  A.3:  Zoomed  in  view  of  Figure  13  from  0-20GFIz. 
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Figure  A.4:  Phase  (blue)  and  amplitude  (green)vs.  frequency  for  A^O.23,  A2=0.45,  A3=0.87,  and 

A4=0.90. 


Figure  A.5:  Derivative  of  phase  (blue)  and  amplitude  (green)  vs.  frequency  for  coefficients  Ai=0.23, 
A2=0.45,  A3=0.87,  and  A4=0.90. 
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Figure  A. 6:  Diagram  of  each  vector  used  to  solve  for  constant  amplitude  for  1x4  coupler. 


As  we  previously  laid  out  the  steps  for  finding  solutions  for  constant  amplitude  in  Section  3,  we 
can  solve  similar  equations  for  the  case  of  a  4x1  coupler.  In  this  case  there  are  four  vectors  that  occur  on 
each  axis.  The  amplitude  we  will  solve  for  is  1.  The  general  equations  we  have  for  the  circle  are: 


1  =  yJ(A  —  C)2  +  (B  —  D)2 


(A.l) 


6  =  tan  1 


(41-2) 


With  two  equations  and  four  unknowns  we  can  solve  the  equations  in  4  parts.  In  each  case  we  zero  two 
vectors  and  solve  in  quadrant  I,  II,  III  and  IV  as  shown  in  Figure  A.6.  In  order  to  compare  to  the  3x1 
coupler  case,  we  repeat  the  same  calculations  starting  with  phase  and  amplitude  from  10GHz  to  30GHz  in 
1GHz  steps  which  is  plotted  in  Figures  A.7  and  A. 8  respectively.  In  comparison  to  the  1x3  coupler  case 
there  is  not  a  huge  benefit  to  the  phase  but  the  amplitude  has  a  smaller  penalty. 
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Figure  A.7:  Phase  vs.  Index  for  10GHz  to  30GHz  in  1GHz  steps  for  1x4  coupler. 
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Figure  A. 8:  Amplitude  vs.  Index  for  10GHz  to  30GHz  in  1GHz  steps  for  1x4  coupler. 


As  in  section  3,  we  will  look  at  a  10%  bandwidth  which  is  plotted  from  18GHz  to  22GHz  in 
0.5GHz  steps  for  phase  and  amplitude  in  Figures  A.9  and  A.  10  respectively.  In  this  case  the  maximum 
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amplitude  penalty  is  20.5%  at  22GHz  and  26.1%  at  18GHz  which  is  slightly  less  than  for  the  1x3  coupler 
case. 
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Figure  A.9:  Phase  vs.  Index  for  18GHz  to  22GHz  in  0.5GHz  steps  for  1x4  coupler. 


Figure  A.10:  Amplitude  vs.  Index  for  18GHz  to  22GHz  in  0.5GHz  steps  for  1x4  coupler. 
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Figure  A.  1 1 :  Error  in  phase  from  true  time  delay  vs.  frequency  with  center  frequency  20GHz  for  30°,  60°, 
and  160°  for  1x4  coupler. 

Finally,  we  will  look  at  the  error  in  phase  when  compared  to  TTD  as  a  function  of  frequency 
which  is  plotted  in  Figure  A.ll  for  30°,  60°,  and  160°.  The  phase  error  is  less  than  2°  up  to  20GFIz  for 
both  30°  and  60°.  For  the  30°  case  the  phase  error  increases  to  12°  at  30GFlz,  which  is  less  than  the  45° 
phase  error  resultant  for  30°  in  the  1x3  coupler  case,  demonstrating  that  the  increased  complexity  of  using 
a  1x4  coupler  design  will  result  in  a  smaller  amount  of  phase  error  when  compared  to  TTD  than  the  1x3 
coupler  setup. 

Appendix  B:  Theory  for  lxM  Coupler 

Finally,  certain  general  rules  can  be  established  for  the  case  of  a  lxM  coupler.  The  photocurrent 
will  be  generalized  as: 


In  =  An  sin(2jr/(t  +  rn)) 


(B.l) 


where  rn  =  2nn/M(i)0  for  n=  1,  2,  ...M.  Additionally,  there  will  be  frequencies  where  only  0  and  180 
degree  phase  shift  occurs: 


(fi.2) 


where  k=l,2,3,. . .  Finally,  no  phase  shift  will  occur  at  certain  frequencies  defined  by: 

/  =  m)f0 


(B.3) 
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From  the  three  cases  that  were  studied,  it  is  obvious  that  as  M  increases  the  lowest  frequency  at  which 
(B.2)  and  (B.3)  apply  increases  as  well  as  the  precision  and  amount  of  phase  shift  that  is  achievable  at 
lower  frequencies,  with  the  trade  off  of  a  more  complicated  architecture. 

Additionally,  certain  behaviors  for  the  amplitude  and  phase  as  a  function  of  frequency  can  be 
defined.  From  Figure  12,  the  null  in  the  amplitude  to  occur  at: 

f0M 

lnvu=\k  (BA) 

where  k=l,  2,  3...  The  major  peaks  in  amplitude  will  then  occur  at: 


where  k=0,  1,  2,  3... 


Ipeak  ~  foMk 


(B-  5) 
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